Abstract-Based on a recently proposed model for the active-magnetic-bearing (AMB) switching mode of operation, this paper presents a robust Takagi-Sugeno-model-based fuzzy-control strategy to stabilize the AMB with fast response speed subject to control-voltage saturation and parameter uncertainties. The sufficient conditions for the existence of such a controller are derived in terms of linear matrix inequalities. Numerical simulations against the proposed AMB model and a high-fidelity AMB model are used to validate the effectiveness of the proposed approach.
I. INTRODUCTION
A CTIVE MAGNETIC bearings (AMBs) are being increasingly used in a variety of rotating machines, e.g., artificial heart pumps, compressors, high-speed milling spindles, flywheel energy-storage systems, etc. With the noncontact nature, AMBs offer many appealing advantages over conventional mechanical bearings, such as low power loss, elimination of oil supply and lubrication, long life, low weight, etc.
Since AMBs are open-loop unstable systems, they require feedback control for stable operation. On the other hand, in order to reduce electromagnetic losses in an AMB system due to eddy current or ohmic effects, it is desirable to reduce or eliminate the bias current during AMB operation, which, however, enhances the AMB-system nonlinearities and may lead to a control saturation or singularity. Due to these conflicting objectives, the design of stabilizing control laws for low-loss AMBs subject to saturation constraints is, thus, a challenging problem [1] - [5] . In this paper, we consider the control of AMBs operating in the switching mode with the constraint on the control-voltage amplitude. This problem was previously addressed in [3] using the passivation, small-gain, and nested-saturation designs. In addition, a forwarding-like approach was recently presented to construct a stabilizing controller [4] for the same AMB model used in [3] and [8] . It is noted that the control laws proposed in [3] and [4] , see [3, eqs. (22) and , , and are parameters that are defined in terms of bias flux, initial control flux, rotor mass, etc., and will be given in the next section. Thus, it is possible that these control laws may be prone to uncertainties in the AMB model parameters like bias flux, initial control flux, rotor mass, and so on. Robustness to parameter uncertainties may be less of an issue for stabilization/regulation problems of an AMB, but model uncertainty could be a major obstacle that requires more close attention in tracking and disturbance-rejection problems [1] . In this paper, we present a new approach to stabilize the AMB model of [3] with the consideration of the parameter uncertainties into controller design process. Namely, we use Takagi-Sugeno (T-S) fuzzy-control method [6] to design a robust control law that renders the AMB system globally asymptotically stable to the origin. At the same time, a decay rate is considered as a control performance specification for achieving fast response speed to the AMB-system state trajectories. Although not presented in this paper, the control law to be developed can be easily modified to account for the disturbance-rejection problem.
The rest of this paper is organized as follows. Section 2 presents the AMB model. The T-S fuzzy model of the nonlinear uncertain AMB model is given in Section 3. In Section 4, the computational algorithm for the fuzzy state-feedback controller is provided. Section 5 presents the design results and simulations. Finally, we summarize our findings in Section 6.
The notation used throughout this paper is fairly standard. For a real symmetric matrix , the notation of is used to denote its positive (negative) definiteness. is used to denote the identity matrix of appropriate dimensions. To simplify notation, is used to represent a block matrix which is readily inferred by symmetry.
II. AMB MODEL
A simplified 1-DOF AMB system, as shown in Fig. 1 , is studied in this paper. This model has been used in [1] , [3] , and [4] for low-and zero-bias control designs for AMBs. Neglecting gravity, the mechanical subsystem of the AMB model is governed by (1) where is the rotor mass, represents the position of the rotor center, and and denote the forces produced by the two electromagnets, given by (2) where is the permeability of air, is the cross-sectional area of the electromagnet, and is the total magnetic flux of the th electromagnet. In nonzero-bias operation, the total magnetic is composed of the bias flux and the perturbation (control) flux which is generated by the th electromagnet. The total flux generated by the th electromagnet is therefore (3) The electrical dynamics are given by (4) where denotes the number of coil turns in the electromagnet and is the input control voltage of the th electromagnet. The coil resistance was neglected here for simplicity. In this paper, we also use the new form proposed in [1] and [3] for the AMB dynamics in the switching mode of operation. The details and justification of the model derivation can be found in [1] .
Let the generalized control flux be defined as (5) and consider the voltage switching strategy when when (6) where is the generalized control voltage. Then, from (1), (2), (3), (4), (5), and (6), the AMB model has the equivalent form (7) where . Defining the state variables , , and and the change of control variable and considering that the input voltage to the original AMB model is amplitude-limited, the state-space equation of the nonlinear time-varying AMB model can be written as (8) where is the state vector and is the bounded input voltage to the AMB model. In a real application, the input voltage is bounded as , where is a saturation function of control input and is defined as if if if (9) where is a control input limit, and , where is the maximum voltage limit. The matrices are given as (10) where and and is a nonlinear function given as (11)
III. T-S FUZZY MODEL OF AMB
Consider the magnetic-material saturation in practice [7] , the generalized control flux will be bounded by its minimum value and its maximum value , and hence, the nonlinear function in (10) will be bounded by its minimum value and its maximum value . Using the idea of "sector nonlinearity" [6] , the nonlinear function can be represented by (12) where is the premise variable, and are membership functions, and (13) Then, under the assumption on bounds of the generalized control flux , we can exactly represent the nonlinear time-varying AMB model (8) with the T-S fuzzy model as (14) where and are matrices that are obtained by replacing in matrix with and , respectively, and
Since the generalized control flux can be measured or estimated [3] , the premise variable can be obtained, and the T-S fuzzy model (14) can be constructed.
It is noted from (10) that the parameters and are dependent on the bias flux, the initial conditions of the perturbation (control) flux, and the rotor mass, of which values are most likely to be uncertain; therefore, the parameter uncertainties should be considered so that the AMB model is expressed as (15) where represents the parameter uncertainties, and are known constant matrices with appropriate dimensions, and is an unknown matrix function bounded by . In order to avoid the large number of inequality problems when the input saturation constraint is characterized in terms of convex hull of some linear combinations of linear and saturation functions [8] , a norm-bounded approach is used to handle the saturation nonlinearity. Hence, the (15) will be written as (16) where , , and . Moreover, we have the following lemma.
Lemma 1: [9] For the saturation constraint defined by (9) , as long as , we have
and hence (18) where .
IV. ROBUST FUZZY-CONTROLLER DESIGN
Our goal in this paper is to design a robust fuzzy feedback control law based on the so-called parallel-distributed compensation (PDC) scheme [6] as (19) where is the state-feedback gain matrix to be designed, such that the equilibrium of the T-S fuzzy system (16) with controller (19) is globally asymptotically stable (quadratically) stable with a decay rate . Note that the decay rate (or the largest Lyapunov exponent) is related to the transient performances on speed of response and overshoot and indicates the convergence rate of the trajectories.
To design the controller, the following lemma will be used. Using the definitions and , inequality (30) is equivalent to (21). This completes the proof.
V. NUMERICAL EXAMPLE
Similar to the work in [3] and [4] , in this section, we validate the previous theoretical results through numerical simulations on both the AMB model (10), which is used for the control-law design, and the same high-fidelity model of 1-DOF magneticlevitation system [7] , [10] used in [3] and [4] . The high-fidelity model includes flux leakage, magnetic-material saturation, flexible modes, voltage saturation, and coil resistance. It has been shown that this mathematical model represents the actual AMB test rig very accurately [7] , [10] , and hence, it can be used to validate the control design under realistic conditions. In this paper, we call such a model the "actual" AMB model to distinguish it from the "ideal" model (10) (with coil resistance, flux leakage, magnetic-material saturation, flexible modes neglected). The basic bearing parameter values are listed in Table I As in [3] and [4] , the bias flux in the simulations is chosen as Wb, and the voltage-saturation level is chosen as V. The initial conditions are set to mm mrad , mm/s mrad/s , Wb, and Wb. The earlier control flux values are for the total flux in the magnetic-levitation system which includes gap flux and flux leakage.
In this paper, the control input is limited as V, and the generalized control flux is limited to Wb such that the bounds of the nonlinear function (11) is given as and . For simplicity of presentation, we consider the uncertainties of bias flux and initial conditions of control flux and define the uncertain matrices as , where the matrices and , which may allow 50% variation of parameter . To design a high-gain controller and to yield a fast convergence possible for the state , the controller design parameters are selected as , , and after several trials. Note that we may choose a larger value for to get a faster convergence rate for the "ideal" model because it does not include magnetic-material saturation, and the flux-saturation level can be increased to enable the controller to work well. However, when the designed controller is applied to the "actual" model, it will not work due to the magnetic-material saturation. Therefore, the parameter cannot be chosen too large. Using the controller design approach presented in the previous section, we obtain the controller gains as
The simulation program is realized by MATLAB/Simulink, and the simulation results for the system states , , and and for the control voltage are shown in Fig. 2 , where the simulation results of the "ideal" AMB model are compared with the "actual" (high fidelity) AMB model. It is shown in Fig. 2 that the position responses "quickly" converge to zero for two models and the position response of the control implementation on the "actual" AMB model is "close" to the position response of the control action on the "ideal" AMB model which is used for the controller design. When compared with the simulations of the controllers from [3] and [4] , our controller yields similar closed-loop performance with respect to the position settling time.
Now, consider one case that we change the initial conditions for control flux as Wb and Wb, which are different from the initial conditions used for the controller design, and keep the other conditions unchanged. Thus, the parameter is reduced to half of the value that is used to design the controller. In this case, the same controller as designed earlier is applied to both the "ideal" and the "actual" models. The simulation results are shown in Fig. 3 . It is shown in Fig. 3 that the position responses for two models all converge to zero "quickly." Compared the position response of the "ideal" AMB model with that shown in Fig. 2 , it is shown that the two position responses are similar regardless of the variation on the parameter . It shows that the designed controller appears to be robust to uncertainties in the AMB model parameters.
VI. CONCLUSION
In this paper, we present a robust fuzzy state-feedback control strategy for a recently developed low-bias AMB model subject to control-voltage saturation. Using the idea of "sector nonlinearity," the nonlinear uncertain AMB model is represented by a T-S fuzzy model in a defined region. By means of the PDC scheme, a fuzzy state-feedback controller is designed to stabilize the obtained T-S fuzzy model with a given decay rate. At the same time, the control-voltage constraint is involved in the controller design process. The sufficient conditions for designing such a controller are expressed by linear matrix inequalities. Numerical simulations are used to validate the effectiveness of the designed controller.
